NOTES ON LOCAL THETA CORRESPONDENCE

YANG HU

1. INTRODUCTION

These notes give an exposition of Weil’s construction of the Weil representation, with particular
attention to the Heisenberg group, Schrodinger models, and the local theta correspondence. We
supply the linear algebra and intertwining calculations needed to pass from the Heisenberg rep-
resentation to the metaplectic group. For the local representation-theoretic viewpoint, our main
reference is [Kud, Chapter IJ.

The initial construction is projective: it gives a homomorphism into U(L?(X))/S!, rather than
an ordinary unitary representation of the symplectic group. The metaplectic extension makes this
projective action linear. We usually write the operators on the Bruhat—Schwartz space S(X), where
the formulas are explicit. This is an invariant dense subspace of L?(X), and the suitably normalized
operators extend to unitary operators on its Hilbert completion. In the non-Archimedean case we
also use the smooth algebraic representation on S(X); in the Archimedean case the uniqueness
statements below are understood in the unitary Hilbert-space category.

2. THE HEISENBERG GROUP AND THE HEISENBERG REPRESENTATION

Let k be a local field of characteristic zero: R, C, or a finite extension of Q,. Fix a symplectic
k-vector space (W, ( , )) of dimension 2n and a nontrivial continuous unitary additive character
¥ : k — S'. For a finite-dimensional k-vector space V, S(V) denotes the usual Schwartz space
in the Archimedean case and C2°(V) in the non-Archimedean case. All vectors are columns, and
matrices act on the left.

2.1. The Heisenberg group as a central extension.
Definition 2.1. For a subspace A C W, put
At ={weW: (w,a) =0 for every a € A}.

The subspace is isotropic if A C AL and Lagrangian if A = A'. Equivalently, a Lagrangian is
an isotropic subspace of dimension n. A polarization is a decomposition W = X @ Y into two
Lagrangian subspaces.

The nondegeneracy of the form gives dim A + dim A+ = 2n. Every isotropic subspace extends
to a Lagrangian, and every Lagrangian has a Lagrangian complement: extend a basis of it to a
symplectic basis.

Definition 2.2 (Heisenberg group). The Heisenberg group is H(W) = W x k with multiplication
(w1, t1)(wa, ta) = (wl + wa, t1 +to + %<w17w2>) .
Bilinearity proves associativity. The identity is (0,0), inversion is (w,t)~! = (—w, —t), and
[(w1, £1), (wa, t2)] = (0, (wy, wa)).
Consequently the center is Z(W) = {(0,¢) : t € k}, and there is a central extension
1— (k,+) — HW) — (W,+) — L.
We also write ¢ for the character (0,t) — () of Z(W).
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Theorem 2.3 (Stone—von Neumann). Up to unitary equivalence, there is a unique strongly contin-
uous irreducible unitary representation of H(W') with central character . If k is non-Archimedean,
there is likewise a unique irreducible smooth complex representation with that central character.

The corresponding representation is called the Heisenberg representation. The smooth non-
Archimedean statement and its induced models are discussed in [Kud, Sections I.1-1.2]. Specifying
the central character alone does not imply irreducibility; that condition must be checked when
constructing a model.

2.2. Models of the Heisenberg representation. Put
Zy(W) ={(0,t) : o(t) = 1}, ALY = {w : ((w,a)) =1 for all a € A}.

For a k-linear subspace A, one has A-¥ = Al: a nonzero linear map A — k is surjective, and
its image cannot be contained in ker . Thus the self-dual k-subspaces, in the sense A = A-? | are
precisely the Lagrangians.

Lemma 2.4. If A is Lagrangian and H(A) = A x k, then H(A)/Zy(W) is a maximal abelian
subgroup of HW)/Zy(W).

Proof. It is abelian because (A, A) = 0. An element (w,t) commutes with it modulo Z,(W)
precisely when ¢((w, a)) = 1 for all a € A, or equivalently w € A% = A. O

Corollary 2.5. The central character extends to 14 : H(A) — S' by v¥a(a,t) = (t).
Proof. The alternating form vanishes on A, so multiplication in H(A) is addition in A x k. O

Choose a Lagrangian complement B to A. Let H 4 be the space of functions f : H(W) — C
satisfying
f(hah) =pa(ha)f(h),  br— f((b,0)) € S(B).
Restriction to B identifies this space with S(B). Right translation defines

(pa(ho) f)(h) = f(hho).

In the non-Archimedean case this is compact smooth induction,
HW
Ha = c-Indpy ) s,

For Archimedean k we use the displayed Schwartz model and its L?(B) completion, rather than this
compact-support description. Changing the complementary Lagrangian changes the coordinates
by a linear map and a quadratic phase, preserving the Schwartz condition.

Definition 2.6. The representation (p4,H ) is the induced model associated with A. Its Hilbert
completion is formed using a Haar measure on H(A)\H (W) ~ B.

The Schrédinger realization below proves directly that these models are irreducible in the relevant
category. Theorem then identifies all of them with the Heisenberg representation.
There are two useful operations on the models. For g € Sp(W), let ¢ - (w,t) = (gw, ) and put

Ty:Ha—>Hoa,  (Tyf)(h) = flg~" - h).

Its covariance is Typa(h) = pga(g-h)T,. For Lagrangians A, B, choose a Haar measure on A/(ANDB)
and set
InaiHe —Ha  UpahW)= [ f((@0n)da
A/(ANB)
The integrand descends to the quotient, since A is isotropic and v¢p is trivial on (AN B) x {0}.
Right translation commutes with this integral, so Ip app(h) = pa(h)Ip,a. In coordinates adapted
to AN B, this operator is a partial Fourier transform, up to linear changes of variables and quadratic
phases. Hence it is nonzero, preserves Schwartz spaces, and extends after positive normalization to
a unitary intertwiner. This also justifies convergence of the integral on the stated test spaces.
Consequently

Qalg) = Iya,aTy
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is an invertible operator on H 4 satisfying

Qa(9)pa(h)Qalg) ™ = palg - h).
Normalize each operator to be unitary on the Hilbert completion. Unitary Schur’s lemma then
gives scalars c4(g1,g2) € S! such that
Q4(g1)Q4(g2) = calg1,92)a(g192)-

Thus the symplectic action gives a projective representation. In particular, the cocycle convention
here always has the product of the two operators on the left of this equality.

2.2.1. The Schrodinger model. Fix W = X @Y. Our main realization is induced from H(Y) and
acts on S(X). The map

Dy 1 Hy — S(X), Oy (f)(2) = f((2,0)),
is an isomorphism of vector spaces.

Theorem 2.7. The formula

(op(z +y,1)0)(2) =¥ (t+ (z.9) + 5{z,9)) d(z +2),  z,2€X, yey,

defines a representation of H(W) on S(X), isomorphic to py. It extends to an irreducible uni-
tary representation on L*(X). For non-Archimedean k, its representation on S(X) is smooth and
irreducible.

Proof. The identity
(2,0)(x +y,1) = (y,t + (z.9) + 3{z,9)) (z +2,0)

proves the formula by left H(Y')-covariance. Alternatively, multiplying two displayed operators
recovers the Heisenberg group law. Translation and multiplication by unitary characters preserve
the L? norm, giving the strongly continuous unitary extension.

For unitary irreducibility, a bounded operator commuting with all modulations is a multiplica-
tion operator. Commuting also with all translations forces its multiplier to be constant almost
everywhere. Thus the commutant consists of scalars, which proves irreducibility. In the non-
Archimedean Schwartz space, Fourier averaging over compact groups of modulations cuts a nonzero
function down to a compact open coset on which it is constant. Translations and further such cut-
offs then generate the characteristic functions of all compact open cosets, which span S(X). This
proves smooth irreducibility. O

The elementary actions are therefore

oy (2,0)0(2) = d(z +x),  0y(y,0)0(2) = V((2,9))¢(2),  0y(0,1) = P(?).

They also fix the signs in every later intertwining formula.
Choose dual bases e; of X and f; of Y with (e;, fj) = ;5. The self-dual Haar measure on k for
1 gives product measures dr and dy for which

y) = /X @)z, y)) dv, o) = /Y () (~ () dy.

Fourier transform preserves Schwartz spaces and is unitary on L?. Equivalently, given one Haar
measure on X, these identities determine its dual measure on Y'; the pair is what matters intrinsi-
cally. Induction from H(X) instead gives a model on S(Y') with

(ovp( +y,6)) (o) = ¥ (t+ (o, z) + 5(y,2)) d(yo + v).

The Fourier transform just defined intertwines these two models.
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2.3. Symplectic groups. The bicharacter (w,w’) — ¥ ({w,w’)) identifies W with its Pontryagin
dual. In the symplectic basis fixed above,

_ €T _ 0 In AN 4 !
w-(y), J_<—In 0), (w,w') =w'Jw'.

Sp(W) = {g € GLa, (k) : g*'Jg = J}.

Thus

4]

The symplectic relations are
oty =~la, pls = 85, s — 48 =1,.
We use the stabilizer of Y,
P=PY)={geSp(W):gY =Y}

It is the lower block triangular subgroup, so 3 = 0. The preceding relations give § = a~! and ya~
symmetric. Define

m(a) = (g a0t>, n(c) = <IC” }31) 0 € GL(X), c=d.

Here ¢ : X — Y is symmetric in the intrinsic sense (z1, cza) = (22, cx1).

Writingg:(?; ﬂ),theblockshavetypesoz:X%X,ﬁ:Y%X,sz%Y,andézY%Y.

1

Lemma 2.8. The symplectic group acts transitively on the Lagrangian Grassmannian
LGr(n,W) ={L € Gr(n,W) : (L, L) = 0}.

Proof. Extend bases of two Lagrangians to symplectic bases of W. The linear map carrying one
symplectic basis to the other is symplectic and carries the first Lagrangian to the second. g

Proposition 2.9. The stabilizer P(Y') is a parabolic subgroup of Sp(W).

Proof. The orbit map identifies the algebraic homogeneous variety Sp(W)/P(Y") with LGr(n, W)
by gP(Y) — gY. Isotropy is a closed condition on the Grassmannian. Since the Grassmannian
is projective by its Pliicker embedding in P(A" W), the Lagrangian Grassmannian is projective as
well. Hence P(Y) is parabolic. The same orbit identification holds on k-points by the preceding
basis argument. O

Definition 2.10. The subgroup P(Y') is the Siegel parabolic associated with Y. Its Siegel Levi
subgroup and unipotent radical are

M = {m(a) : a € GL(X)}, N = {n(c) : c=c'}.

Every element of P has the unique factorization

(&%) =nta ma),

vy a”
Moreover,
m(a)n(c)m(a)™! = n(a"tea™?).
Thus P=MN=NM, MNN=1,and 1l — N — P — M — 1 is split. The order of these
factors will be kept explicit in operator calculations.

2.3.1. Generalized Bruhat decomposition. For 0 < j < n, write
X=Xo0X1, Y=Yyom,

where X, Yy are spanned by the first n — j basis vectors and X1,Y; by the last j. Let w; fix Xo @Yy
and satisfy

wie; = —fi, wifi =€ (n—j<i<mn).
0 I,

I, O),and w;Y =Yy ® Xy.

In particular wg = 1, w, = (
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Theorem 2.11 (Generalized Bruhat decomposition). There is a disjoint decomposition

Sp(W) = | | Pw;P.
j=0

. (o B
More precisely, for g = <’y 5),
g€ PwjP <= dim(YNgY)=n—-j <= rankf=7j.

Proof. Double cosets correspond to P-orbits on the Lagrangian Grassmannian. Let L be Lagrangian
with dim(L NY’) = n — j. The Levi subgroup acts as the full general linear group on Y, so we may
arrange L NY =Y. Then L C YOL =X7¢Y.In YOL/YO ~ X; @ Y], its image is transverse to Y7,
hence is the graph of a linear map ¢ : X; — Y;. Consequently

L=Yy®{x+cx:zec X}

Isotropy gives (z, cx’) = (2, cx), so ¢ is symmetric. Extend ¢ by zero on X(. The element n(—c) € P
sends L to Yy @ X; = w;Y. Conversely, the intersection dimension is P-invariant, so different j
give different orbits. Finally the map ¥ — X, y — By, is the projection of gY to X. Its kernel
has dimension dim(Y N gY’), proving the rank criterion. O

The open cell is the locus where § is invertible. With the column convention and the choice
P = P(Y), its rank is determined by 8 throughout.

3. THE METAPLECTIC GROUP

3.1. The metaplectic group as a central extension. Fix the central character ¥ and let
% = L?*(X) be the Hilbert completion of the induced model Hy ~ S(X). For g € Sp(W), the
representation h — oy (g - h) has the same central character as o. By Stone-von Neumann, there
is a unitary operator R(g) such that

R(g)oy(h)R(9)™" = ay(g - h).
Unitary Schur’s lemma makes R(g) unique up to a scalar in S'. Consequently g +— [R(g)] is a
projective unitary representation of Sp(W).

Definition 3.1. The unitary scalar extension Mpi1 (W) consists of pairs (g,T) € Sp(W) x U(ZLy)
such that

Toy(W)T ' =0y(g-h)  for every h € H(W).
Its multiplication is (g1,71)(92, 12) = (9192, T11%), giving

1 — St — Mp§ (W) — Sp(W) — 1.
The complex scalar extension is its pushout along S! < C*, denoted MpﬁX (W).

The latter can also be described using all nonzero complex multiples of the unitary implementing
operators. These operators preserve the Schwartz model, as the formulas below show. Conjugation
by an equivalence of Heisenberg models identifies their scalar extensions; its scalar ambiguity cancels
in conjugation. Thus the construction for fixed 1) does not depend on the polarization used to realize
it.

Definition 3.2. The Weil representation on either scalar extension is the tautological representa-
tion

wy(g,T) =T.
In particular, a central scalar z acts as z Id.

These scalar extensions have kernels S! and C*, respectively. The usual metaplectic double
cover, whose kernel is {£1}, requires the additional reduction in the next subsection on the two-
fold cover. The Weil representation on that double cover is genuine: its nontrivial central element
acts by —Id. Over a non-Archimedean field its Schwartz realization is a smooth representation of
the double cover; over every local field considered here its Hilbert completion is unitary.



6 YANG HU

3.2. The Leray cocycle. For each Lagrangian A, fix a Haar measure on W/A and use it to form
the Hilbert completion %4 of H 4. Retain the source-first notation of the induced models:

Ipa:Hp — Ha  (Ipaf)(h) = /A oy SO i

Lemma 3.3. There is a unique positive normalization of the measure in this integral for which
the operator is unitary. Denote the resulting operator by Ap a. It preserves Schwartz spaces and
satisfies

AA,A:L AB}A:AA7B‘

Proof. Choose symplectic coordinates adapted to ANB. The operator is a partial Fourier transform
in the directions where A and B differ, and the identity in the remaining directions, up to linear
changes and unitary quadratic phases. Plancherel gives a positive normalization making it unitary.
Two Haar measures differ by a positive scalar, so this normalization is unique. The reverse operator
uses the dual Fourier transform, giving the inverse identity. ([l

The transport T,f(h) = f(g~' - h) also needs its positive normalization when the quotient
measures are fixed. Let Uy 4 be that unitary normalization, from .Z4 to £, 4. More explicitly, if
gxtta = j(g, A)pga for the chosen quotient measures, then

. 1/2
Ug.a = j(g, A)V/*T,.
The chain rule for measure transport and uniqueness of positive normalization give
Ugi,924Ugs,4 = Ug, g5,
Ug7AAB7A = AnggAU 7B‘

These identities also hold on the Schwartz models.
Fix A =Y, and define

Qv (9) = AgvyUpy,  rv(9) = ®yQy(9)Py "
They implement the same covariance:
ry(9)oy(h)ry (9) ™ = oy(g - h).
Definition 3.4. The Leray cocycle associated with Y and ) is defined by
ry (91)ry (92) = ey (91,92)7y (9192)-
Here cy (g1, 92) € St and ry (1) = 1.
Associativity of operators gives

cy (91, 92)ev (9192, 93) = v (91, 9293)cy (92,93),  ev(l,g) = cv(g,1) = 1.
Thus, set-theoretically, the scalar extension is Sp(W') x C*, with multiplication
(91,21)(92, 22) = (9192, 21220y (91, 92)),  wylg,2) = 27y (9).
Replacing the section by 7(g) = b(g)ry (¢9) changes its cocycle to
blg1)blg2)
b(g192)
Proposition 3.5. For py,ps € P(Y) and g € Sp(W),

C,Y(glaQQ) = CY(.gl?.gZ)-

ry (p1gp2) = v (p1)ry (9)ry (P2)-
In particular ry restricts to a group homomorphism on P(Y), and cy(p,g) = cy(g,p) = 1 for
pe P(Y).

Proof. If pY =Y, then Qy(p) = Upy. Apply the two transport identities above to the definition
of Qy (p1gp2) and transfer the result by ®y. O
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In the fixed column coordinates this normalization gives
(ry(m(a))$)(2) = | deta| /?¢(a"2),
(ry(n(c))@)(z) = ¥(— éthZ)qﬁ(Z),

(ry /wzx

where dx is self-dual for ¢ and w = (_OI 6) For example, m(a) transports dz to |detal ‘du,

explaining the factor in the first formula. The second follows by evaluating T}, f at (z,0), and the
third is the normalized intertwiner between the two transverse Lagrangian models. These formulas
fix the sign of the Fourier transform used below.

Corollary 3.6. For pi,p2,p € P(Y),

CY(p191p_17p92p2) = CY(91a92)-

Proof. Use Proposition in the defining product of the two operators; the adjacent factors
ry (p) ~'ry (p) cancel. O

3.3. The Weil index. Here a quadratic form is symmetric data independent of the alternating
form on W. Let E = k% and

q(z) = 32" Az, A=Al¢ GLd(k:).

With self-dual measure, use the positive Fourier transform f =[uf B Y(2t€) dz. In particular,

f(@) = f(==).
Definition 3.7. The Weil index T'y(q) € S' is the scalar in the Gaussian Fourier identity

Fu(@(@)(§) = Ty(q)| det A7 /2p(— €' A1),
The equality is one of tempered distributions, or equivalently of oscillatory integrals, rather than an
assertion of absolute convergence. For a degenerate form, define its index using the nondegenerate
form on F/rad(q), and put I'y(0) = 1.

Completing the square explains the quadratic term on the right. The remaining constant has
modulus one by Fourier inversion and Plancherel. In particular the determinant here is that of the
polar form A; if ¢ = Y a;27, then A = 2diag(a;).

The Weil index is invariant under isometry and multiplicative under orthogonal direct sums.
Moreover,

Ly(=q) =Ty(q),  Ty(H)=1
for a hyperbolic plane H. The last identity follows by integrating ¢ (xy) as a Fourier kernel. Thus
the index depends only on the Witt class of the nondegenerate form.

For a € k*, put )

Ly (az”)
7¢(a) - Fw($2) .

The basic one-dimensional identities are

Yo(ab®) = yy(a), Yy (ab) = (a,b) vy (a)yy (b)
Yp(a)® = (a,-1)k = (a,a)y, Yp(a)* =1,
Ly (a?)? = yu(-1)7", Iy(2?)® =1

The Hilbert symbol (a,b); equals 1 precisely when the quaternion algebra (a,b) is split. For
nonsquare b, this is equivalent to a being a norm from k(\/l;), for square b it is always 1. The
product identity is the Weil-index/Hilbert-symbol relation; the other displayed identities follow
from it, square invariance, and I'y(—z?) = Ty (2%) L.

Consequently, for a nondegenerate diagonal form q = ajz3 + -+ + adx?l,

Ty(q) = Ty(2) (et @)e(q),  e(q) = [ [ (@i aj)r,

1<j
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where det ¢ = [ ], a; modulo squares. Explicit local formulas and the normalization of the Gaussian
integral are recorded in the appendix; compare [Kud, Chapter I, Section 4] and [Rao, Appendix].

3.4. The cocycle condition. We now compute the scalar in the product of normalized intertwin-
ers. For an ordered triple of Lagrangians (Lg, L1, L2), form

K = {(xo,z1,22) € Lo ® L1 ® Ly : z9 + x1 + x2 = 0}, qx (w0, 21, 22) = — 5 (20, 71).

Denote the induced nondegenerate form on K/ rad(qx) by L(Lg, L1, L2), the Leray or Maslov form.
The appendix gives its linear algebra and reduction properties. The order of the three Lagrangians,
and the minus sign in this definition, are part of our convention.

Lemma 3.8 (Composition of Lagrangian intertwiners). The unitary intertwiners satisfy
ALl,LOAL%Ll = Fl/) (L(LOa Ly, LZ))ALQ,LO-

Proof. First suppose the three Lagrangians are pairwise transverse. Write W = Ly & L and
Lo ={by+y:y € L1}, where b: Ly — Lg is invertible and (by,y’) is symmetric. Then the Leray
form is
w(y) = —5(by, y)-
For f € Hr,, set ¢(a) = f((a,0)), a € Lyg. The Heisenberg multiplication and left H (Lsy)-covariance
give
f((y,0)(a,0)) = ¥(a(y))p(a — by).

For example, this follows by factoring the same group element as

(y,0)(a,0) = (by +y,0)(a — by, —5(by. y)).-

Thus the unnormalized composite at the identity is

[ [ vaw)ota— b dyda
Lo J L1

Its value, interpreted through the Gaussian Fourier identity, is a positive real multiple of

Ly (a) : ¢(a)da.

One may obtain this identity by Gaussian regularization in the Archimedean case or by integration
over sufficiently large compact open subgroups in the non-Archimedean case. This avoids exchang-
ing two integrals without a convergence justification. Since the two sides of the claimed operator
identity are intertwiners, their ratio is a scalar; since their normalizations are unitary, its modulus
is one. The positive measure factors therefore leave exactly I'y(gp).

For an arbitrary triple, the general composition theorem is obtained by symplectic reduction
along the intersections of the Lagrangians. The remaining nondegenerate quadratic space is
K/rad(gx); the elementary repeated-Lagrangian and hyperbolic factors contribute index 1. Ap-
plying the transverse calculation on the reduced factors proves the stated formula. This reduction
is the general Lagrangian-intertwiner composition theorem; see [Kudl Chapter I, Section 4] and
[Raol Sections 3-4]. O

Theorem 3.9. With the preceding conventions,

ey (91,92) = Ty (LY, 1Y, 192Y)).

Proof. Transport naturality and multiplicativity give

Qy (91)Qy (92) = A91Y,YA9192Y791YU91927Y
=Ty (L(Y, g1y, 9192Y))A9192Y7YU9192,Y'

Transfer this equality by ®y and use the definition of cy. O
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If g = L(Y,91Y,9192Y) has dimension d and diagonal coefficients a1, ..., aq, then
ey (91, 92) = Ty (@?) yp(det q) [ [(a, ay)i.
1<j
When two Lagrangians in the triple coincide, the Leray form is zero in the Witt group and the
cocycle is 1, in agreement with Proposition [3.5] The operator product and the displayed triple use

the same order; replacing a right action by a left action without changing the triple would change
this formula.

3.5. The metaplectic group as a twofold cover. Keep the polarization W = X @ Y and the
ordered symplectic basis

0 I,
62(617'”7en7f17"‘7fn)’ J:<—In O)

Vectors are columns, and throughout this subsection
P=PY)= {(Cc‘ aot) € Sp(W)} .

In particular, P is the lower Siegel parabolic. Write

m(a):<g a(lt), n(c):<£ ?) — w:<_01 é)

Let w; act as w on the last j hyperbolic planes and as the identity on the others. Thus wy = 1 and
wy, = w. The Bruhat decomposition is

Sp(W) = H Qj, Qj = P’ij.

j=0

Forg:(o‘ﬁ) one has
yé )
j(g) =rank f =n —dim(Y NgY).

The relevant block is 8 because P stabilizes Y.

3.5.1. The open Bruhat cell.

Proposition 3.10. For g € Q,,, the matrices 537! and B~ o are symmetric, and
g=n08"YHYmB)wn( ).

This factorization is unique in the indicated form.

Proof. The identities g'Jg = J and gJg' = J imply 815 = §'8 and o’ = Bal, giving the two
symmetry assertions. For symmetric c1, ¢, direct multiplication gives

n(c1)m(b)wn(cz) = (Clbcgci - cl;b) .

The upper-right, upper-left, and lower-right blocks force b = 8, ¢ = B 'a, and ¢; = §3~'. The
remaining symplectic identity gives

v=68""a-p",
which verifies the lower-left block. ]

Corollary 3.11. The multiplication map
Sym,, (k) x GL,,(k) x Sym,, (k) — Q,, (c1,b,c2) — n(cr)m(b)wn(ca),

is an isomorphism of k-varieties. The cell Q, = D(det ) is Zariski open and dense in Sp(W). For
n > 0, every irreducible component of its complement has codimension one.

Proof. The inverse map is g — (6371, 3, 3~ 'a), which is regular on D(det 3). The symplectic group
is geometrically irreducible, and det 5 is nonzero on w. Its zero set is therefore a proper principal
hypersurface. Its nonempty irreducible components have codimension one. O
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In the Schrédinger model on S(X), take the self-dual measure for ¢ and the positive Fourier
transform. The standard unitary intertwiners on these elements are

r(m(a))g(z) = |det al, /*¢(a " 2),
r(n(e))é(z) = o (—1ztez) 6(2),

2= e

The standard Bruhat normalization satisfies r(pigp2) = r(p1)r(g)r(p2) for pi,p2 € P. Conse-
quently, on the open cell,

r(g)6(2) = |det5|‘1/2/¢(—;zt55—1z+tt,8—1z—;ttﬁ—lat) 6(1) dt.

This formula follows directly from the factorization above; in particular its signs agree with the
lower-parabolic convention.

3.5.2. Rao’s construction. There is a well-defined square-class function
Te : Sp(W) — kX kX2, xe(plwflpg) = det((p1p2)]ly) (mod k*?).

Its well-definedness is the Bruhat determinant calculation in [Rao, Lemma 5.1}, with the indicated
choice of Weyl representatives. It satisfies

Te(P1gp2) = Te(P1)Te(g)Te(pD2), ze(n(c)m(a)) = deta (mod k*?).

The inverse in the first definition matters. With the present wj,
ze(wy) = (=1, @e(g) = (~1)"det 8 (mod k*?) (g € Q).

Indeed, w; differs from wj_l by m(a;), where a; is —1 on the exchanged coordinates and 1 on the
others. The open-cell factorization then gives the second formula. If the definition uses w; in place
of wj_l, its value changes by (—1)7 (9, and the corresponding Weil-index normalization must change
with it.
Write
r(91)r(g2) = evp(91,92)r(9192),  evaulgr, g2) € ST
This fixes the direction of the cocycle convention.

Theorem 3.12 (Ranga Rao). There is a normalized p-valued cocycle cge and a function b :
Sp(W) — St, with bey(1) =1, such that

be,i:(9192)
The cohomology class of this double-cover cocycle is independent of the nontrivial additive character
. It can be represented by Rao’s cocycle, expressed in terms of j(g), xc(g), Hilbert symbols, and the
quadratic space of the Leray invariant. The resulting extension carries its standard locally compact
covering-group topology, with a continuous embedding into the unitary scalar extension. For the
usual Rao representative, its restriction to the Siegel parabolic is

CRe(91,92) = ey (915 92)-

CR.e(P1,p2) = (det(p1ly), det(p2ly))x-

The reduction to pg is the substantive normalization theorem; see [Raol Theorem 5.3 and Corol-
lary 5.5] or [Kud, Chapter I]. Here b, denotes the cochain after transporting that theorem to
the column-vector and Fourier conventions above. This formulation also fixes its reciprocal: the
corrected operators are be (g)r(g).

Definition 3.13. Define Mp® (W), as the set Sp(W) x pug, with multiplication
(91,€1)(92, €2) = (9192, €1€2¢R(91, 92))-

It is the metaplectic double cover. Its scalar pushouts are

Mp® (W), = Mp® (W), x,, S, Mp (W), = Mp® (W), x,, C*.
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In these coordinates, the isomorphism to the unitary intertwiner extension is

(9,2) = (9,2 be,us(9)r(9)),
and the Weil representation is
wy (9, 2) = 2bey(9)7(9)-
The same formula gives the isomorphism for the complex-scalar extension. The topology is the
metaplectic topology furnished by the theorem; a Bruhat-coordinate section need not be globally
continuous. In particular, a product description of the underlying set does not assert that the
topology is a product topology.

Lemma 3.14. An automorphism of a scalar metaplectic extension which induces the identity both
on its scalar kernel and on Sp(W) is the identity.

Proof. Such an automorphism differs from the identity by a character of Sp(W). For a nondiscrete
local field of characteristic different from 2, this group is perfect when n > 0, so that character is
trivial. For n = 0 the assertion is immediate. ]

Corollary 3.15. The metaplectic scalar extensions obtained from different polarizations, symplectic
bases, and nontrivial additive characters are canonically isomorphic as central extensions with fized
kernel and quotient. The same is true of the double covers.

Proof. Rao’s theorem gives the isomorphisms of scalar extensions, and Lemma [3.14] gives their
uniqueness. In the coordinates defined by cgr ., the character

)\e(g; Z) = 22
2 _

is a homomorphism, because ¢ . = 1. Its kernel is the double cover. This character is uniquely
determined by its restriction z — 22 to the scalar center: the quotient of any two such characters

factors through Sp(W). Hence the canonical scalar-extension isomorphisms carry the double covers
to each other. O

Remark 3.16. Independence of the central extension from v does not mean independence of the Weil
representation from . The latter retains its additive-character parameter. The scalar extensions
also have different kernels from the double cover; these three groups should be distinguished when
discussing a splitting.

3.6. Splitting and nonsplitting of the metaplectic extension.

Proposition 3.17. The unitary-scalar and complez-scalar metaplectic extensions split over P(Y).
The splitting afforded by p — r(p) has a restriction to

P(Y)' ={pe P(Y): det(ply) = 1}
which is independent of the choice of splitting over P(Y').
Proof. The formulas for 7(n(c)) and r(m(a)) give genuine representations of N and M. They satisfy
“t=n(a"tea™t), r(m(a))r(n(c))r(m(a) ™ = r(n(a"tca™t)).

Thus 7|p is a representation and cyy|pxp = 1. Two splittings differ by a character of P. Every
such character kills N: conjugation by m(tI) sends n(c) to n(t=2c), and one can choose t? # 1.
On M ~ GL, (k) a character factors through the determinant, since the commutator subgroup is
SL, (k) for n > 2. For n = 1 this factorization is immediate. The two splittings therefore agree on
P(Y)L O

Lemma 3.18. The lift n — (n,r(n)) is the unique splitting of N(Y) in the scalar metaplectic
extension which is normalized by P(Y). It is also the restriction of the canonical splitting of the
double cover over the unipotent group N(Y').

m(a)n(c)m(a)

Proof. For two such scalar splittings, their quotient is a character x of N(Y') invariant under
conjugation by M. In particular x(n(t=2c)) = x(n(c)) for every c. Choosing t? # 1 shows x(n((t~2—
1)c)) =1 for every ¢, hence x = 1. Compose this normalized scalar splitting with the character A
whose kernel is the double cover. The resulting character of N is again invariant under M, hence
trivial by the same argument. The splitting therefore takes values in the double cover. O
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Remark 3.19. The splitting of the scalar extension over P need not take values in its double-cover
subgroup. For example, let kK = Q2 and n = 1. For h = m(—1), the Rao restriction formula gives

CR7e(h, h) = (—1, —1)@2 =—1.
Every lift of the order-two element h to the double cover has square equal to the nonidentity

central element. Thus the double cover does not split over P in this example, although both scalar
extensions do.

3.6.1. The rank-one obstruction. For this calculation, put
() = Lat?,  Gyla)=Ty(@),  gp(a) = Gyu(a)/Gy(1), aek*,
where I'y, is the Weil index. The standard identities are
Gy(—a) = Gy(a)™",  gyla)gy(b) = (a,b)k gy(ab).

The second identity says precisely that the normalized one-dimensional Weil index is a quadratic
refinement of the Hilbert symbol, rather than in general a multiplicative character.

Lemma 3.20. In dimension two, with w = (% §) and n(b) = (1?), one has

ey (w, n(b)w) = Gy(-b), be k™.
b

> 2
r(wn(b)w)é(z) = |b\,;1/2/kzp <( ;bt) >¢(t) dt.

On the other hand, r(w)r(n(b)w) has the inner Gaussian integral

Proof. The matrix wn(b)w equals (Bl 1), so the open-cell formula gives

e 2
[0t w09 ds = Gutmi 2 (B30,

The integral is interpreted as a tempered distribution, or by the usual oscillatory limit. The
Gaussian Fourier identity proves the formula without an unjustified interchange of nonabsolutely
convergent integrals. O

Theorem 3.21. Suppose dimW > 0. If k = R or k is nonarchimedean of characteristic different
from 2, neither the scalar metaplectic extension nor its double cover splits over Sp(W). For k = C,
both extensions split.

Proof. First let dimW = 2, so Sp(W) = SLg(k). If the scalar extension split, there would be a
function a : SLa(k) — S! with

ey (91, 92) = alg1)a(g2)(grga) "
For the complex-scalar extension one can initially take « valued in C*; its absolute value is a
character of the perfect group SLa(k), hence is trivial. Since r is P-biequivariant, the cocycle is 1
whenever one entry belongs to P. It follows that

a(pigp2) = a(pi)a(g)a(pz)-

The character a|p kills its unipotent radical, so a(m(a)) = n(a) for a character n : X — S, Set
A = a(w). On the open cell the factorization above gives a(g) = An(f3).

Apply the coboundary identity to (w,n(b)w). Its numerator is A2, and its denominator is An(b).
By Lemma [3.20]

Gy (—b) = An(b)™".
Taking b = 1 gives A = Gy (—1), so
Gy(b)
n(b) = Goll) = gy (b).

Multiplicativity of n would force (a,b)r = 1 for all a,b € k*. This contradicts the nontriviality of
the local Hilbert symbol over R and nonarchimedean local fields.

For general W, choose a symplectic plane W7 and an orthogonal decomposition W = Wy @
Wit. The restriction of the scalar extension to Sp(W;) is the rank-one extension: in the tensor
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Schrodinger model its intertwiners are ryy, (¢) ® 1. A splitting would restrict to a splitting of that
extension, which is impossible. A splitting of the double cover would also split its scalar pushout.

Over C, quadratic Hilbert symbols and the relevant Weil indices are trivial. Rao’s normalized
cocycle is identically 1 [Raol, Corollary 5.7], so the normalized intertwiners give a representation of
Sp(W) and both extensions split. O

4. THETA CORRESPONDENCE

In this section F' is a finite extension of QQ,, and all representations are complex and smooth.
We retain a nontrivial unitary character i) of F. We outline the local theory following [Kud)
Chapters IT-1V], concentrating on orthogonal-symplectic pairs. The statements about Howe duality
are given in their proved form. For a representation 7, 7" denotes its smooth contragredient.

4.1. Reductive dual pairs.

Definition 4.1. A reductive dual pair in a symplectic group Sp(W) is a pair of reductive subgroups
(G,G") which are mutual centralizers:

ZSp(W) (G) = Gla ZSp(W) (G,) =G.

Let (V, B) be a nondegenerate symmetric space of dimension m, with gy (v) = $B(v,v), and let
W be symplectic of dimension 2n. On W =V @ W put

(v @w, v @w)w = Bv,v")(w,w )w.
The form is alternating and nondegenerate. The commuting actions give
O(V) x Sp(W) — Sp(W), (h,g) — h®g.

The individual images form a reductive dual pair. When both spaces have positive dimension,
the displayed homomorphism has central kernel {(1,1),(—1,—1)}; it is not an embedding of the
product. The centralizer assertion follows from the standard tensor-space centralizer calculation
for the full orthogonal and symplectic groups.

Other examples include unitary pairs associated with Hermitian and skew-Hermitian spaces, and
the type II pair GL(A) x GL(B) on E® E*, where E = Hom(B, A) has its usual evaluation pairing
with E*. On E, the action is (a,b)T = aTb~!, and on E* it is the contragredient action. The
orthogonal-symplectic example already exhibits the main features of the local correspondence.

The Weil representation is initially attached to the metaplectic extension of Sp(W). Its restric-
tions require the scalar normalizations described in [Kud, Sections II.3-I1.5]. After these normal-
izations it gives a representation wy yy,y of

Sp(W), m even,

O(V) x G(W), GW) = {Mp(Z)(W) m odd.

In the odd-dimensional case the representation on the second factor is genuine. The parity is
explained by the tensor embedding: the central —1 of the source metaplectic cover acts after pull-
back by (—1)™. Thus the symplectic action descends precisely when m is even. These normalized
product actions should not be identified with an arbitrary choice of lifts in the ambient double
cover.

4.2. The orthogonal-symplectic Schrodinger model. Choose W = X @ Y as before. The
oscillator space is

S(VeX)=SsSVn").
We regard x = (x1,...,2,) as a row of vectors in V| while the matrices on W still act on column
vectors. Put

Gr(z) = (B(wi, %j))iy,  Fvo(z) = o (y)y (Z B(l’u%)) dy,

with the self-dual measure for ¢ o B.
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For any m, define the signed discriminant and its quadratic character by

d(V) = (=)™ V2 det B (mod F*%), xv(t) = (t,d(V))r.
Suppose now that m is even, so d(V') = (—=1)"/2 det B. With the lower Siegel parabolic and positive

Fourier convention of Section 3, the formulas are

(w(h)$)(x) = d(h~ '), he o),
(w(m(a)))(x) = xv(deta)| det a| ;" *¢(za™),
(@(n(e))d)(x) = ¥ (—1 tr(Gr(x)e)) $(x), c=d,

w(w)e = Lylqv)" Fvé.

Here A ! acts on every component of 2. The determinant factor in the second formula is the square
root of the Jacobian of the linear change on V™. The character xy and the Weil index in the last
formula correct the projective action to a representation. These elements generate Sp(W).

To check the Fourier scalar, take n = 1. The Gaussian relation for ¢y and the identity

Ly(agv) = xv(a)Ty(qv)  (m even)
give the rank-one symplectic relations. In particular, T'y(qy)? = xv(—1), so w(w)? agrees with
w(m(—1)). The sign of the quadratic multiplier and the positive Fourier transform here are the
counterparts of the opposite polarization convention used in [Kudl, Section II.4]. For odd m, the
same construction uses the genuine factors on the metaplectic Levi; the cover cannot simply be
suppressed.

4.3. Big theta, small theta, and Howe duality. Write w = wy v, and let (G, G’) be either

ordering of its two factors. If G = Mp(z)(W), only genuine irreducible representations of G' can
occur.

Definition 4.2. For an irreducible admissible G-representation 7, put

N(m) = ﬂ ker f.
f€Homg (w,m)

The maximal m-isotypic quotient has the form

w/N(m) ~ 7R Og_q ().
The smooth G’-representation ©¢_, ¢ () is the big theta lift. If no such quotient occurs, it is zero.
Equivalently,

Ogoa(m) ~ (we m)a,
where the subscript denotes coinvariants for the diagonal G-action.

The two group actions commute, so N(7) is stable under G’. The quotient and coinvariant
descriptions are the standard isotypic quotient construction; see [Kudl, Section II.2]. For every
smooth representation 7 of G’, they give the universal property

HOII]G/(@GHG/ (7T), 7’) ~ HOHlGXG/ (w, T 7').

In this setting one uses quotients, rather than assuming that the oscillator representation is a direct
sum of irreducibles.

Theorem 4.3 (Finiteness and Howe duality). For the orthogonal-symplectic pair, ©(m) has finite
length. Its maximal semisimple quotient, denoted () and called the small theta lift, is zero or
wrreducible. Moreover,

O(r) ~0(x") A0 = mx=n.
The same assertions hold with the two members interchanged.

The finiteness statement is due to Kudla. The Howe duality theorem in arbitrary residual
characteristic is proved in [GT) Theorem 1.2]. Thus the correspondence is a bijection between the
subsets of irreducible representations having nonzero lifts for a fixed pair and fixed ; it need not
be defined on every irreducible representation of either group.
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Corollary 4.4. For irreducible admissible w and T of the two members,
dim Homg g (w, 7 X 7) < 1.
It is nonzero precisely when T ~ 6().

Proof. Every map from the finite-length O(7) to the irreducible 7 factors through its maximal
semisimple quotient. Apply Theorem the universal property, and Schur’s lemma. O

For general input, ©(m) can be reducible and contains more information than its irreducible
quotient (7). If 7 is supercuspidal, however, its big theta lift is zero or irreducible; thus O(w) =
0(m) whenever it is nonzero |[GT) Theorem 1.1(i)].

4.4. Witt towers and first occurrence. Let H be a hyperbolic quadratic plane and fix an
anisotropic quadratic space Vuy. Its Witt tower is

V={V, = Van @ H®" : > 0}.

Here r is the Witt index, while dimV, = dimV,, + 2r. The parity and the character xy; are
constant in the tower, so the symplectic member G(W) and its cover are fixed as r varies. Choose
the associated normalizations compatibly along the tower.

Theorem 4.5 (Persistence and eventual nonvanishing). Fiz 7 € Irr(G(W)), genuine when required.
If Oy, (m) # 0, then Oy, ., (7) # 0. Every such m occurs eventually; a sufficient bound is r > 2n
when dim W = 2n.

These are the persistence and stable-range results of [Kudl Section ITI.4, Propositions 4.1 and 4.3].
The displayed bound concerns the Witt index r, not the dimension of V.

Definition 4.6. The first occurrence index in this tower is
ry(m) = min{r > 0 : Oy, (7) # 0}.

It is finite, and persistence says that the nonvanishing set is exactly {r > ry(7)}. First occurrence
depends on the chosen Witt tower; specifying only the dimension does not specify the target
quadratic space.

One can instead fix 7 € Irr(O(V')) and vary symplectic spaces W,, of dimension 2n. Define

n(7) = min{n > 0: O, (1) # 0}.

Persistence holds in this direction as well, and n > dim V' is a sufficient nonvanishing bound [Kud,
Proposition II1.4.5]. Rank zero is understood as the formal bottom of the tower, with Schwartz
space C and the trivial symplectic action.

Theorem 4.7 (Supercuspidals at first occurrence). If the input is supercuspidal, its first nonzero
theta lift in a fixed tower is supercuspidal. At every later level, its nonzero lift is irreducible but is
not supercuspidal.

This is [Kudl, Theorems II1.6.1-111.6.2]. The distinction is between the first occurrence and later
occurrences in that same tower. Later lifts are controlled by parabolic induction from the first one,
with characters on the additional general linear factors.

Example 4.8 (The two characters of O(1)). Let V' be one-dimensional. Then O(V) = {£1}, and
its action on S(F") is ¢(x) — ¢(—x). For n > 1 the two lifts are

Ow, (1) =S(F")*,  Ow,(sgn) =S(F"),

the even and odd parts of the genuine Weil representation of Mp(2)(Wn). Both are nonzero and
irreducible. At n = 0 only the trivial character occurs. Consequently
n(1) =0, n(sgn) = 1.

This example realizes the quotient definition directly, since the source group is finite and its two
isotypic projections are %(1 +w(-1)).
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4.5. Jacquet modules and degenerate principal series. Kudla’s proofs use Jacquet modules
of the Weil representation. For example, let Q; C O(V;) stabilize an isotropic t-plane. Its Levi
factor is GLy(F) x O(V;—¢). In a mixed Schrodinger model, partial Fourier transform reduces the
calculation of its Jacquet module to a filtration by the ranks of linear maps between the relevant
isotropic spaces. The rank-zero term contains the Weil representation for (V,_;, W), with the
appropriate Levi character; the other terms are induced from smaller dual pairs. The analogous
calculation for a parabolic in Sp(W) reduces the symplectic rank. This is the Jacquet-module
filtration in [Kud, Section III.8, Theorems 8.1-8.2].

The rank-zero piece explains persistence: a nonzero quotient at a smaller level yields one at the
next level. For supercuspidal input, vanishing of proper Jacquet modules eliminates the possible
earlier boundary contributions. This is the mechanism behind the first-occurrence theorem above;
the filtration also determines the parabolic induction data of later lifts.

There is a concrete link with degenerate principal series. Assume m is even, and retain P =
P(Y) C Sp(W). For ¢ € S(V™), put

The generator formulas give

fo(n(c)m(a)g) = xv(deta)| deta| /> f4(g).

Thus evaluation at the origin defines a nonzero equivariant map
S(V™) — ndP™) (yy o det | det |/2),
where this induction is unnormalized. For the lower Siegel parabolic, dp(m(a)) = | deta|~*1. In
normalized induction the parameter is therefore
sp = M%, z’ip(w)(x‘/ o det |det |*).

Because evaluation at 0 is O(V)-invariant, the map factors through ©¢)_spw)(1). Its image is
an explicit theta quotient inside a degenerate principal series. This is the construction studied in
[Kud, Section III.5], expressed in our lower-parabolic convention.

4.6. Seesaw dual pairs. Suppose (G,G’) and (H, H') are dual pairs in the same ambient sym-
plectic space, with

HCQaG, G' c H.
Use compatible covering groups and normalizations, so that both correspondences are obtained
from the same oscillator representation w. This arrangement is called a seesaw.

Proposition 4.9 (Seesaw identity). For irreducible admissible o of H and T of G, one has
Hompy (Og—a(7)|m,0) ~ Hompg«q(w,0 K1)
~ Home/ (O pm(0)|cr, 7).
Proof. Factor an H x G’'-equivariant map from w first through the maximal 7-isotypic quotient for

G’. This gives the first space. Factoring first through the maximal o-isotypic quotient for H gives
the last space. Both factorizations use the universal property of Definition U

For example, if V =V} L V3, then O(V1) x O(V2) C O(V), while Sp(W) embeds diagonally in
Sp(W) x Sp(W). The tensor identity

Wy,W > Wy W QO Wy, W

with compatible actions is the corresponding seesaw construction. One can therefore convert a
branching problem on an orthogonal group into a question about theta lifts on the symplectic side.
The identity uses big theta lifts; replacing them by their small quotients is not justified without
further hypotheses. See [Kud, Chapter IV, Section 1] for this method and the doubling seesaw.
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APPENDICES

5. A RESULT IN p-ADIC ANALYSIS

We record the passage between the Schwartz model and its Hilbert space completion. Haar
measures are chosen as in the preceding sections.

Theorem 5.1 (Extension from a dense subspace). Let E be a normed space, D C E a dense linear
subspace, and F' a Banach space. Every bounded linear map T : D — F' extends uniquely to a
bounded linear map T : E — F, with |T|| = ||T||. If E = F = H is a Hilbert space and T is an

isometry, then T is an isometry. It is unitary if T(D) is dense in H.

Proof. For v € E, choose v; € D with v; — v and set Tv = lim; T'v;. The bound
[Tv; = Toi|| < T {lvi — vjll

shows that the limit exists and is independent of the approximating sequence. Linearity and
|T|| < ||T follow by taking limits; restriction to D gives the reverse inequality. Two continuous
extensions agree on the closure of D, proving uniqueness. If T is an isometry, the same limiting

argument gives |[Tv|| = ||v||. Its range is closed, and is all of H when it contains the dense subspace
T(D). O

The space S(X) is dense in L?(X). Thus an isometric automorphism of S(X) extends uniquely
to a unitary operator on L?(X). An arbitrary unitary operator on L?(X) need not preserve S(X);
preservation in the Weil representation requires an additional argument.

Proposition 5.2. Suppose k is non-Archimedean. The smooth vectors of the unitary Schrodinger
representation on L*(X) are precisely S(X), where functions are identified up to equality almost
everywhere. Consequently, every unitary operator implementing a symplectic automorphism of the
Heisenberg group preserves S(X).

Proof. A smooth vector is fixed by translations by some lattice A C X and by modulations from
some lattice B C Y. Averaging over A gives an A-invariant, locally constant representative.
Averaging the modulation action over B multiplies a function by the characteristic function of the
compact annihilator
Bt ={z € X :9((x,b)) = 1 for every b € B}.

The representative is therefore compactly supported, hence belongs to S(X). Conversely, a com-
pactly supported locally constant function is fixed by sufficiently small translations, modulations,
and central elements, so is smooth.

If Tpy(h)T~1 = py(gh) for g € Sp(W), then T carries a vector fixed by a compact open subgroup
K to a vector fixed by gK. Thus T and T~! preserve the smooth vectors. ]

For Archimedean k, preservation of the Schwartz space follows from the explicit Fourier, linear-
change-of-variable, and quadratic-multiplication operators. It does not follow merely from bound-
edness on L?.

Theorem 5.3 (Unitary Stone—von Neumann theorem). Two irreducible strongly continuous unitary
representations of H(W') with the same nontrivial central character 1) are unitarily equivalent. For
a polarization W = X @Y, the Schridinger representation is realized on L*(X), with translations
from X and multiplication by the characters x — ({x,y)) from Y.

The operators constructed on S(X) above extend by Theorem to this unitary model. In the
non-Archimedean case, Proposition [5.2] also recovers the Schwartz model from the unitary one.

6. SOME SYMPLECTIC GEOMETRY

6.1. The Leray invariant. Let (W) be the set of Lagrangian subspaces of W. Two Lagrangians
Lo, Ly are transverse if LoN Ly = 0. Since both have dimension n, this is equivalent to W = Lo&® L.
First consider a pairwise transverse ordered triple (Lg, L1, L2). Relative to W = Lo & Ly, write

Ly={By+vy:ye L}, B: Ly = L.
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Transversality to Lo gives the graph description, and transversality to L; gives invertibility of 5.
Isotropy of Ly says precisely that

bs(y,y') = (By, )
is symmetric. It is nondegenerate because  is invertible. The element

_(1 8
= %)

fixes Ly pointwise and takes L1 to Lo. These properties determine it uniquely: the pointwise
stabilizer of Lg in the symplectic group is precisely this Siegel unipotent subgroup.
With the intertwiner conventions of these notes, the associated quadratic form is

1

The sign and the factor 1/2 are part of the convention: the polar bilinear form of gg is —bg.
Here is a definition that also applies when the triple is not transverse.

qs(y) =

Definition 6.1 (Leray-Maslov form). For (Lo, L1, Ls) € Q(W)3, put
1
K ={(xo,21,22) € Lo ® L1 & Lo : xg + 21 + 22 = 0}, qr (zo, 21, 22) = —§<330,l’1>-

Let By be its polar form and let R = rad(Bg). The Leray invariant L(Lg, L1, L) is the isometry
class of the nondegenerate quadratic space (K/Rg, Gy ). Its Witt class is the Maslov index of the
triple.

Since the characteristic is zero, qx(z) = 1Bk (z,z), so it vanishes on R and descends to the

quotient. For the transverse graph above, the map
y+— (=By, —y, By +y)

identifies gx with gg, proving agreement with the first construction.

We also explain the symplectic reduction used to remove intersections.
Lemma 6.2. If M C W is isotropic, then Wy = ML/M is symplectic, with

(w+ M,w + M)y = (w,w').
For a Lagrangian L C W, its reduced image
M = (LN MY+ M)/M
1s a Lagrangian in Wyy.
Proof. The induced form is well-defined, and its radical is zero because (M*)+ = M. The reduced
image is isotropic. Moreover,
dim(L N M) = n — dim M + dim(L N M),

so dim LM =n — dim M = 1 dim W)y. O

For a triple, take

M = (LoN L)+ (L1 N L)+ (L2 N Lp).

This is isotropic: any two summands lie together in one of the L;. Its reduced Lagrangians are
pairwise transverse. Indeed, if representatives x; € L; N M~ satisfy zg — 21 = a + b+ ¢ € M, with
a€LoNLi,be LiNLsy, c€ LyN Ly, then

ro—c=x14+a+bée LyN Ly,

so both reduced representatives are zero.

This reduction gives the same quadratic space as Definition [6.1] To see this, every component of
a tuple in K is orthogonal to M. Reduction therefore maps K onto the kernel space of the reduced
triple. Its kernel is

Ry = {(aa —a, 0)} + {(07 b, _b)} + {(_Ca 0, C)}a
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where a € Lo N L1, b € Ly N Ly, and ¢ € Ly N Ly. These subspaces are in the radical by direct
pairing, and the reduced graph form is nondegenerate; thus they give the whole radical. This also
justifies the reduction for arbitrary triples, including coincident Lagrangians.

The construction is symplectically invariant. Cyclic permutation of the three Lagrangians pre-
serves its isometry class; exchanging two of them negates the form. A triple with a repeated
Lagrangian has zero Leray form. The four-term relation holds in the Witt group:

[L(Lo, L1, L2)] + [L(Lo, L2, Ls)] = [L(Lg, L1, L3)] + [L(L1, Lo, L3)].

These are the geometric identities underlying the Weil-index cocycle; see [Kudl, Chapter I, Section 3]
and [Rao]. They are identities of Witt classes where indicated, rather than assertions that all
displayed orthogonal sums are isometric.

7. CALCULATION OF THE WEIL INDEX
We specify the normalization before making computations. For a nondegenerate quadratic form
q(z) = 12t Az on k", use the self-dual measure for the Fourier transform
f(&) = A f(@)y(a'€) da.
The Weil index T'y(q) is characterized by the identity of tempered distributions

—

FaE) = Tulldet AR 2y (- 5tate).

In particular, for ¢(z) = axz?, the determinant factor is |2a\;1/2. Write I'y,(0) = 1 for the zero-
dimensional form. The index is unchanged by isometry and is multiplicative under orthogonal
sums. Also,

Ty(—q) =Ty(q)~',  Ty(H)=1
for a hyperbolic plane H. Thus it depends only on the Witt class. These conventions match the
quadratic phase in the preceding section; see [Wei, [Kud].

7.1. k =R. Write ¥(t) = ™ with A\ # 0. The regularized Gaussian integral gives

T'y(az?) = exp (T sgn()\a)) .

For example, insert a factor e~ in the oscillatory integral and let € | 0; the square root of e—27miAa

has limiting argument —7 sgn(Aa). If ¢ has signature (p4,p_), diagonalization and multiplicativity
give

I'y(q) = exp (T sgn(A)(p+ — p)) -

7.2. k = C. Every nontrivial unitary additive character has the form 1 (z) = e2™Re(¢?) for ¢ # 0.
A nonzero complex one-dimensional form az2, viewed through Re(caz?), has real signature (1,1).
Hence its index is 1. Every nondegenerate complex form diagonalizes, so

Ly(g) =1

for all such forms.

7.3. k is non-Archimedean. Let ¢ be nondegenerate on a finite-dimensional space V', with polar
form B,. Choose a lattice L sufficiently small that ¢(q(l)) = 1 for every | € L, and put

L# = {2 € V : p(By(x,1)) = 1 for all | € L}.

Then L C L#; the inclusion is in this direction. The function v(q) descends to L# /L, because
q(z +1) = q(x) + q(I) + By(x,1). Orthogonality of characters gives

(1 *(q))(z) = vol(L)1 14 (x)¢(q(x)).
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Consequently the oscillatory integral stabilizes on all sufficiently large lattices N D L#, and its
phase is the Weil index. More precisely,

(1) Ly(q) = [L#/LI7V2 Y 7 d(g(a)).

zeL# /L

Nondegeneracy of the polar character gives the sum absolute value |L#/L|'/2. Formula is
independent of the sufficiently small lattice chosen. It is also a finite computation in residue
characteristic two, where factors of 2 must be retained in B,.
For an explicit odd-residue-characteristic formula, assume 1 is trivial on o and nontrivial on
@ lo. Put Q = |o/wo| and
(D) = v(= ).

For a = w"u, with u € 0, square scaling reduces the calculation to v = 0 or 1, and gives

1, v even,
F¢(a$2) = Q_1/2 Z @(ﬂtz), v odd.
tco/wo

Indeed the even case uses the lattice o, whereas for a = wu the stabilized integral over w lo

is the displayed Gauss sum before normalization. General forms are computed by diagonalizing
and multiplying these one-dimensional indices. For a character of a different conductor, write
Y(t) = p(ct) with 1y of conductor o, and apply the formula to cq.

Lemma 7.1 (Reduced norm). Let A be a central simple algebra of degree r over k. There is
a unique polynomial map Nrdy,, : A — k whose scalar extension to a splitting field K is the
determinant under A @ K ~ M,(K). On A* it is a homomorphism to k*.

Proof. The determinant is unchanged by changing the splitting isomorphism, since automorphisms
of the matrix algebra are inner. Its polynomial coefficients therefore descend to k. Multiplicativity
follows from that of the determinant, and uniqueness follows after scalar extension. O

Proposition 7.2 (Quaternion norm). Let D be a quaternion algebra over k, with canonical invo-
lution z — Z and reduced norm n(z) = zz. Then

Iy (n) —1, D is a division algebra,
n)=
v 1, D~ Mk).

Proof. Write D = (a,b), with i2 = a, j2 = b, and ij = —ji. Its norm form is
n~(1,—a,—b,ab).
Put gy (c) = Ty(cz?) and vy (c) = gy(c)/gy(1). The one-dimensional Weil-index relation is

Yy (a)vy(b) = (a, b)kyyp(ab),
where (a, b)) is the quadratic Hilbert symbol; see [Kud, Chapter I, Lemma 4.1]. Since gy(—c) =
gy ()™, multiplicativity yields

9u(1) gy (ab)
Over a local field the Hilbert symbol is —1 precisely for the division quaternion algebra. In the split
case the norm is the determinant on Ms(k), an orthogonal sum of two hyperbolic planes, which
also gives index 1. Over R the division norm is positive definite of dimension four, and the real
formula independently gives —1. O
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