HARTOG’S LEMMA IN ALGEBRAIC GEOMETRY
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1. INTRODUCTION

We introduce the algebraic Hartog’s lemma. This was inspired by an exercise in Gathmann’s
notes and delivered in Professor Voronov’s lecture and office hour discussions. We recall that in
Gathmann’s notes, the following statement holds.

Proposition 1.1. Let X be an affine variety and let A(X) be its coordinate ring. Assume that
A(X) is a unique factorization domain. If Y C X is a nonempty irreducible closed subvariety and
U= X\Y, then the restriction map

A(X) — HO(U7 OU)
is an isomorphism if and only if codimx Y > 2. [1, Exercise 3.12(a)]

Proof. Write A = A(X) and K = Frac(A). Since A is a domain and U is nonempty, a regular
function on U determines an element of K, and the restriction map is injective.

Suppose that codimy Y > 2, and let f = a/b € H°(U,Op), with a,b € A relatively prime and
b # 0. If b is not a unit, choose an irreducible factor p of b. In a UFD, (p) is a height-one prime.
The corresponding point n € Spec A does not belong to Y, because Y has codimension at least
two. Hence f € A(,. We may therefore write a/b = c/s with s ¢ (p). The equality as = bc implies
p | as, so p | a, contrary to the choice of a,b. Thus b is a unit and f € A.

Conversely, if codimy Y = 1, then the prime ideal defining Y is (p) for some irreducible p € A.
Thus U = D(p), and 1/p is regular on U but does not belong to A. Since Y is nonempty and
proper, these are all possible cases. ]

2. DEPTH AND LOCAL COHOMOLOGY

Lemma 2.1. Let A be a Noetherian ring and let I be an ideal of A. M is a finitely generated
A-module such that IM # M. The following numbers identifies:

(1) : depth; M =1,

(2) : i is the smallest integer such that Ext’y(A/I, M) # 0.

(3) : i is the smallest integer such that Hi(M) # 0.[2, Tag 0AVY]

Proof. Recall that depth; M is the maximum length of an M-regular sequence contained in 1. Such
lengths are finite: choose q € V(I)NSupp M, which exists because IM # M, and localize at q. Any
such sequence remains regular after localization, with nonzero successive quotients by Nakayama’s
lemma, so its length is at most dim A,.

Choose a maximal M-regular sequence x1,...,z, in I and put

N=M/(x1,...,x,)M.

Maximality implies that every element of I is a zero divisor on N. The zero divisors on a finite
module form the union of its finitely many associated primes. Prime avoidance therefore gives
I Cp for some p € Assg N. An element of N with annihilator p is annihilated by I, so

Homu(A/I,N) # 0.
Let L be a finite module with IL # L, and let = € I be L-regular. Applying Ext%(A/I,—) to

0—L5L— L/xL —0
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gives, for j > 0,
0 — Ext’,(A/I, L) — Ext/,(A/I, L/xL) — Ext/;"'(A/I,L) — 0.
Indeed, multiplication by x on these Ext groups is zero because x(A/I) = 0. Also Homa(A/I,L) =
0, since x is injective on L. It follows from these short exact sequences that the first nonzero Ext
degree for L is one greater than that for L/xL. Starting with N and proceeding backwards through
Ty, ...,T1, We obtain
Ext/,(A/[,M)=0 (j<r), Exty(A/I,M)#0.

In particular, every maximal regular sequence has the same length r, so » = depth; M. This proves
(1) = (2). The same argument gives the regular-element formula

depth;(L/zL) = depth; L — 1
whenever IL # L and x € I is L-regular.

For local cohomology, recall that

H{(L) = lim Ext’, (A/I", L).

This follows by applying an injective resolution to I'7 (L) = lim Hom A(A/I™, L) and using exactness
of filtered direct limits. In particular, every element of H } (L) is annihilated by a power of I.

We now induct on r = depth; M. If r = 0, the associated-prime argument above gives a nonzero
element annihilated by I, so H)(M) # 0. If r > 0, choose an M-regular z € I and set M = M /zM.
The regular-element formula and induction give

H{(M)=0 (j<r-1), H;'(M)#0.

The long exact sequence for local cohomology shows that multiplication by z is injective on H } (M)
for every j < r; for j = 0 use the beginning of that sequence. Since every element of these modules
is killed by a power of z, injectivity forces H7(M) = 0 for j < r. The same sequence then gives an
injection

0# H; Y(M) — Hj(M).

Thus H} (M) # 0, proving (1) = (3). O
We will also use the localization formula
2.1 depth; M = i depth 4 M,,.
(2.1) epth; ey in | pdeptha, My
To see this, use z1,...,z, and N from the preceding proof. At each prime in the indicated set the

sequence remains regular, so the local depth is at least . On the other hand, choose p € Assg N
containing /. Then depth Ap N, = 0, and repeated application of the regular-element formula gives
depthy, M, = r. This proves the formula. We use the convention depth(0) = +oc.

3. SERRE’S CRITERION FOR NORMALITY

Definition 3.1. Let R be a Noetherian ring and let £ > 0 be an integer.

(Ry) : We say R has property (Ry) if for any prime ideal p of height less or equal to k, R, is a
regular ring.

(Sk) : We say R has property (Sj) if for every prime p, the local ring R, has depth at least
min{k, dim(Ry)}.

Theorem 3.2 (Serre’s critierion for nomality). Suppose R is Noethrian, then R is normal if and
only if R satisfies (S2) + (R1).

Proof. Suppose first that R is normal. We work locally with a Noetherian integrally closed local
domain (A, m).

We first observe that if t € Frac(A) \ A satisfies tm C A, then m is principal. Indeed, if
tm C m, choose generators u1, ..., us of the nonzero ideal m and write tu; = Zj cijuj with ¢;; € A.
Multiplication by the adjugate matrix shows that det(tId — (¢;;)) annihilates every u;. Since A is
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a domain and m # 0, this determinant is zero. It is a monic equation for ¢ over A, contradicting
integral closedness. Thus there is x € m such that tx € A\ m is a unit. For every y € m,

t
y:w—y € xA,
tx

som=zA.

If dim A > 2, choose 0 # a € m. If m were associated to A/aA, there would be b ¢ aA with
mb C aA. Then t = b/a ¢ A would satisfy tm C A. The observation would make m principal,
contradicting dim A > 2 by the principal ideal theorem. Hence m ¢ Ass4(A/aA), and prime
avoidance supplies an element of m regular on A/aA. Together with a this is an A-regular sequence
of length two. In dimension one, any nonzero element of m is regular. This proves (.S2).

If dim A = 1, choose 0 # a € m. Since VaA = m, there is a least n > 1 such that m” C aA.
Choose b € m" !\ aA. Again t = b/a ¢ A satisfies tm C A, so the observation shows that m is
principal. Thus A is regular. In dimension zero, A is a field. This proves (R7).

Conversely, suppose that R satisfies (R1) and (S2). The (S7) condition implies that every as-
sociated prime of R is minimal: at an associated prime p the local depth is zero, so (S7) forces
dim R, = 0. Moreover, (Ry) makes R, a field at every minimal prime. Consequently R is reduced.
Indeed, if the nilradical were a nonzero ideal, one of its associated primes would be an associated
prime of R, hence a minimal prime at which that ideal remained nonzero. This contradicts the fact
that the corresponding localization is a field.

For a reduced Noetherian ring its total ring of fractions is

QR)= ][] Frac(R/q).
qeMin(R)

We show that R is integrally closed in Q(R). Let ¢t € Q(R) be integral over R and put B = R[t], a
finite R-algebra. If B/R # 0, choose p € Assgr(B/R). When htp < 1, the ring R, is either a field
or a DVR, so it is integrally closed. Thus By = Ry, a contradiction. Here we use that localization
of Q(R) at p is Q(Ry): in the displayed product, localization kills precisely the factors indexed by
q € p, leaving the fraction fields corresponding to the minimal primes of R,.

We must therefore have htp > 2. Set A = R, and D = B, C Q(A). By (S2), choose an A-regular
sequence x,y in its maximal ideal. Since p is associated to B/R, there is d € D\ A whose class in
D/A is annihilated by that maximal ideal. Thus zd = a and yd = b for some a,b € A, and

ya = xb.

As y is regular modulo zA, we have a = xc for some ¢ € A. Hence z(d —c¢) = 0. But z is
a nonzerodivisor on A, so it is a unit in Q(A) and is injective on D. Therefore d = ¢ € A, a
contradiction. We conclude that B = R, proving integral closedness in Q(R).

Finally, the coordinate idempotents of the finite product Q(R) satisfy e? — e = 0, so they belong
to R. They decompose R as a finite product of domains. Each factor is integrally closed in its
fraction field, since R is integrally closed in Q(R). Every local ring of R is therefore an integrally
closed domain, and R is normal. ]

4. ALGEBRAIC HARTOG’S LEMMA-PRIMARY

Lemma 4.1. Let R be a Noetherian domain satisfying (S2) property, then we have the following
equality inside K = Frac(R):
R= (] Ry
ht(p)=1

Proof. The inclusion from left to right is clear. Conversely, suppose that f = a/b € K \ R, with
a,b € R and b # 0. Then the class @ € R/bR is nonzero. Choose

p € Assp(Ra) C Assgp(R/bR).

Since (Ra), # 0, the element @ remains nonzero after localization, so a ¢ bR, and f ¢ R,. On the
other hand,
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The element b is a nonzerodivisor, so the regular-element formula gives depth R, = 1. The (S2)
condition implies htp < 1. Since 0 # b € p and R is a domain, htp = 1. Thus every f ¢ R fails
to belong to some height-one localization, proving the reverse inclusion. If R is a field, the empty
intersection is taken inside K = R. O

Let X = Spec A and suppose A is a Noetherian domain with (S3) property, then for every closed
subset Z C X of codimension at least two, restriction induces an isomorphism

A S HY(X\ Z,0x).

Indeed, U = X'\ Z contains the generic point of X, so a section on U determines a rational function
f € Frac(A). Every height-one point belongs to U, and hence f € A, for every height-one prime
p. The preceding lemma gives f € A. Its associated global section agrees with the original section
on U, since both have the same image in the function field. Uniqueness follows from the injection

A — Frac(A).

5. ALGEBRAIC HARTOG’S LEMMA-GENERAL
We prove the generealized version of Hartog’s lemma:

Theorem 5.1. Let X be a Noetherian scheme, and let Z be a closed subscheme of X such that
codimy Z > 2, and for every z € Z, the ring Ox . satisfies (S2) condition. Let U = X \ Z, then
for any coherent sheaf F on X such that

depthy,  F. > 2 (z € ZNSupp F),

we have H*(U, Fly) ~ HY(X, F). In particular, any reqular function defined on U extends uniquely
to a regular function defined on the entire space X.

Proof. Let V = Spec A C X be an affine open subscheme of X. Suppose F|y = M, where M is a
finitely generated A-module. Let V/(I) =V N Z, where I is an ideal of A.
Consider the cohomology of support on ZNV, write UNV = U’ we have the long exact sequence

0= Hyny (V. F) = HYV,F) = HU', Fly) = Hyry (V,F) = -+ .

In this affine case this is exactly the cohomology defined on modules, i.e., H%mV(V, F) ~ H{(M).
If IM # M, the stalk condition and (2.1) give
depth; M = i depth, M, > 2.
epth; seviin | depthy, My >
By Lemma 2.1, H{(M) = 0 for i = 0,1. If IM = M, then V(I) N Supp M = @ by Nakayama’s
lemma. Thus I + Anng M = A, and there is u € I acting as the identity on M. It acts as the
identity on every Hj(M) as well, but every element of those groups is killed by a power of u. Hence
all these groups vanish in this case too. Consequently the restriction map is an isomorphism

HO(Va‘F) l> HO(U/7‘F|U’)'

Now consider suppose {V; = Spec A;};cs is an affine cover of X, since X is Noetherian, X is
quasi-compact, hence we could assume I is a finite index set. Given s € H°(U, F|y), the affine
isomorphisms give unique sections s; € H(V;, F) extending s|yny;.

To check compatibility, cover each V; NV by affine open subsets W. On W NU, the two sections
silw and sj|w both restrict to s|wny. Applying the affine injectivity already proved to W gives
silw = sj|lw. Thus s; and s; agree on all of V; N V}. By the sheaf axiom, the s; glue to a section
5 € H°(X, F) extending s. If two global sections extend s, affine injectivity on each V; makes them
equal. This proves the asserted isomorphism.

Finally, for 7 = Ox, the codimension assumption gives dim Oy , > 2 for every z € Z. The (S3)
assumption therefore yields

depthOx , > min{2,dim Ox .} = 2.

Thus the required condition on F holds, proving the assertion about regular functions. The same
reasoning applies to any locally free coherent sheaf, whose nonzero stalks are finite free modules of
the same depth as the local ring. d
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